Abstract. We prove that every symplectic toric orbifold is a centered reduction of a Cartesian product of weighted projective spaces. A theorem of Abreu and Macarini shows that if the level set of the reduction passes through a non-displaceable set then the image of this set in the reduced space is also non-displaceable. Using this result we show that every symplectic toric orbifold contains a non-displaceable fiber and we identify this fiber.
Introduction
A symplectic toric manifold is a symplectic manifold (M 2n , ω) equipped with an effective Hamiltonian T n -action. Let µ : M 2n → (t n ) * ∼ = (R n ) * be a choice of a moment map for this action. If M is compact then the image of µ is a compact convex polytope in R n , convex hull of the images of fixed points of the action (Atiyah [At] , Guillemin, Sternberg [GS] ). Moreover this polytope is also simple (there are n edges meeting at each vertex V ), rational (all edges meeting at vertex V are of the form V + tν i , t ≥ 0 where ν i ∈ Z n ) and smooth (for each vertex, the corresponding ν i , i = 1, . . . , n form a Z− basis of Z n ). Convex polytopes satisfying the above three conditions are called Delzant polytopes . Delzant in [D] proved that compact symplectic toric manifolds (up to equivariant symplectomorphism) are classified by the polytopes being their moment map images (up to translation and SL(n, Z) transformations). In the proof he shows that every such manifold can be obtained from C d (with standard symplectic structure) by a symplectic reduction.
This result was generalized to compact symplectic toric orbifolds by Lerman and Tolman [LT] . Compact symplectic toric orbifolds can be classified by compact convex rational simple polytopes (not necessarily smooth) with positive integers attached to each facet. We will call a convex rational (not necessarily smooth nor simple) polytope with positive integer labels attached to each facet a labeled polytope. Compact symplectic toric orbifolds are also symplectic reductions of C d .
Every convex rational polytope is an intersection of some number of half spaces, and it can be uniquely written as
where d is the number of facets, l i are real numbers, and the vectors w i ∈ Z n are primitive outward normals to the facets of the polytope. The ·, · : R n × R n → R denotes the standard inner product. Moreover, if ∆ is labeled polytope, then labels a i ∈ N can be incorporated in description of polytope by presenting above half spaces as {x ∈ R n | x, a i w i ≤ a i l i }. Hence, every convex rational labeled polytope can be uniquely presented as
where w i are the primitive outward normals, v i = a i w i , λ i = a i l i and a i ∈ N is the label on the corresponding facet. Therefore the polytope has a trivial labeling (all labels equal to 1) if and only if all v i 's are primitive. We say that a labeled polytope is monotone if λ i = λ for every i = 1, . . . , d. Note that changing the labels may change monotonicity (see Figure 1 ). In Section 2, motivated by the work of Reid [R] and the toric minimal model program of Gonzales and Woodward [GW] , we define a procedure of shrinking a labeled polytope ∆ to a point. The idea is to move each facet of ∆ inward by reducing each λ i by the same amount. As a result we either get a point or a lower dimensional polytope. In the second case we carry on shrinking this lower dimensional polytope, and continue till we get to a point. Lagrangian torus fiber which is the preimage of this point under the moment map is called central fiber (this definition does not depend on the choice of moment map as we explain in Section 2). A labeled polytope will be called centered if it shrinks to the origin. In that case the central fiber is preimage of 0. Note that every monotone polytope is centered.
We denote by M + 1 the number of "dimension drops" that occur while shrinking. We are ready to state the first theorem. Theorem 1.1. Every (compact, convex, rational) centered labeled polytope is an intersection of (compact, convex, rational) monotone labeled polytopes in one of the following ways
if M > 0, where dim ∆ n k = dim ∆ = n, for every k ∈ {0, . . . , N }, and dim ∆ k 1 +···+k j = k 1 + · · · + k j for every j ∈ {1, . . . , M }. Remark 1.2. ∆ being smooth or simple doesn't imply polytopes in 1.1 and 1.2 are either smooth or simple. See Examples 3.5 and 3.6.
We obtain the information needed to construct the polytopes ∆ n k , ∆ l in Theorem 1.1 by observing how the face structure of ∆ changes while shrinking.
A weighted projective space CP(m 1 , . . . , m d ) is a symplectic toric orbifold, determined by the polytope
where e i , i ∈ {1, . . . , d − 1} are coordinate vectors and λ is a positive real number responsible for rescaling the symplectic form. If the weights are trivial, i.e. m 1 = . . . = m d = 1 we obtain a symplectic toric manifold CP d−1 . Lagrangian torus fiber in CP(m 1 , . . . , m d ) that maps to zero under the corresponding moment map is called a special or centered torus fiber. If manifold is a symplectic reduction of a weighted projective space such that reduction goes through special torus fiber, then it is called a centered reduction.
Any Cartesian product of weighted projective spaces also contains a special torus fiber -a product of special torus fibers from each weighted projective space. A reduction of a Cartesian product of weighted projective spaces is called centered if it goes through the special torus fiber of the product.
Let (M 2n , ω) be a monotone symplectic toric manifold, i.e. such that [ω] = λ2πc 1 (ω) ∈ H 2 (M ) where λ ∈ R + . Then, the corresponding moment polytope is monotone and satisfies λ i = λ. In the paper [AM] Abreu and Macarini show that every monotone symplectic toric manifold is a centered reduction of a weighted projective space CP(1, m 2 , . . . , m d ). We generalize this result to symplectic toric orbifolds. First we prove that every symplectic toric orbifold corresponding to a monotone labeled polytope is a centered reduction of a weighted projective space CP(m 1 , . . . , m d ) (Proposition 4.3). Then we generalize further and prove the following theorem. Theorem 1.3. Every compact symplectic toric orbifold is a centered reduction of a Cartesian product of weighted projective spaces.
The idea of the proof is to use the presentation of the corresponding labeled polytope described in Theorem 1.1. The number of monotone polytopes in the presentation will be the number of weighted projective spaces in the Cartesian product.
Every symplectic toric orbifold can be presented (not uniquely) as a symplectic reduction of one weighted projective space. But this reduction is not necessarily centered. It is worth looking for a centered reduction because often important symplectic information (for example about nondisplaceability or quasimorphisms) is preserved under centered reduction. A Lagrangian submanifold L in a symplectic manifold M is non-displaceable if for every Hamiltonian diffeomorphism ϕ :
In this paper we use centered reduction as a tool to prove existence of nondisplaceable torus fiber in a reduced space. In [AM] Abreu and Macarini consider a symplectic reduction M := Φ −1 (a)/T k where Φ −1 (a) contains a non-displaceable T k invariant set and they show that the image of this nondisplaceable set is non-displaceable in the reduced space M . Special central fiber of Cartesian product of weighted projective spaces is non-displaceable fiber (See 4.2). Generalizing this idea we obtain the following result Corrolary 1.4. For every compact symplectic toric orbifold its central fiber is non-displaceable.
The above fact is already known (see the works of Fukaya-Oh-Otha-Ono [FOOO1] , [FOOO2] using vanishing of Lagrangian Floer cohomology, and the works of E. Gonzales and C. Woodward [W] , [GW] , using quasimap Floer cohomology). Our proof of Corollary 1.4 does not involve any calculation on Floer cohomology (though it uses a non-trivial fact that the special torus fiber of a weighted projective space is non-displaceable).
Borman in [B] showed that symplectic reduction taken at the appropriate level can be used to construct quasi-morphisms and quasi-states. If W is a closed symplectic manifold equipped with a symplectic quasi-state ζ (with PB property), and M = Φ −1 (0)/T k is a symplectic reduction of W , with Φ −1 (0) being superheavy with respect to ζ, then ζ naturally induces a symplectic quasi-state on the reduced space M . Similar statement for quasi-morhpisms also holds. There exist a spectral quasi-state on CP n and the Clifford torus (i.e. the centered fiber) is superheavy with respect to that quasi-state. Moreover from these quasi-states one can construct a quasi-state on a product of (smooth) projective spaces such that the centered fiber will be superheavy ( [B, Corollary 3.2] ). Therefore any symplectic toric manifold obtained as a centered reduction of a product of (smooth) projective spaces can be equipped with a quasi-state and a quasi-morphism. At the moment no stable quasi-states on a weighted projective space are known (to the best of our knowledge). Construction of such quasi-states, together with the result of Borman and our Theorem 1.3 would prove the existence of a quasi-state and a quasi-morphism on every symplectc toric orbifold.
Organization. In Section 2, we describe shrinking procedure. We use this procedure to prove Theorem 1.1 in Section 3. Section 4 contains description of properties of centered reduction and proof of Theorem 1.3. Finally, as a corollary of this Theorem we prove non-displaceability of central fiber in every compact symplectic toric orbifold.
Shrinking procedure
be a labeled n-dimensional polytope. That is, v i do not need to be primitive but may be an a i multiple of a primitive vector w i , for some positive integer a i . Following the ideas in [GW] and [R] we define a purely combinatorial procedure of shrinking a convex polytope. The idea is to shrink the polytope continuously by moving each facet inward with the same speed, that is by reducing each λ i by t at time t till we get to one point. It might happen after some time of shrinking that some half-spaces intersect only in a lower dimensional R k and if we move them a tiny bit more we obtain an empty set of solutions. If this happens we stop moving these facets and carry on moving the remaining ones. Below is the precise definition. For any t > 0 let H
For t > 0 small enough the set
is an n-dimensional polytope. Let t 1 be the smallest t for which dim ∆ t = n−k 1 < n. If k 1 = n then ∆ t 1 is a point and we stop the shrinking prodecure. Suppose k 1 < n. That means that there exists an orthogonal splitting
Proof. If ∆ t 1 is a point, i.e. if k 1 = n the claim is obvious. Assume that k 1 < n. Note that then there exist i such that p,
Indeed, suppose not and take any 0 = v ∈ R k 1 × {0} and any i ∈ {1, . . . , d}. Figure 1 . Two labeled polytopes that differ only by labels: monotone and centered (on the left), neither monotone nor centered (on the right).
From the moment t 1 we shrink only the facets f i with i ∈ {1, . . . , d} \ D 1 and proceed similarly. Precisely, let t 2 < · · · < t M +1 be the times when dimension drops while shrinking and let k j denote the value by which dimension drops at time t j . At time t M +1 our polytope has shrunk to a single point. We define non-empty sets
Definition 2.2. A labeled polytope is called centered if the single point obtained at the end of the shrinking procedure is the origin.
Changing the labels of a centered polytope we may obtain a polytope that is not centered (see Figure 1 ). Note that, if ∆ is centered polytope, then for every j ∈ {1, . . . , M + 1} we have
Every labeled polytope can be translated by a vector to a centered position. This does not change the corresponding orbifold. Therefore from now on we will assume that ∆ is centered. With this assumption the central fiber is the preimage (under the moment map) of 0. This definition may seem to depend on our choice of moment map µ. Note however that if we take a different moment map, µ , such that ∆ = µ (M ) is centered, then ∆ and ∆ may differ only by an SL(n, Z) transformation. Therefore the central fiber
There exist an orthogonal splitting
does not need to be. This means that, during the shrinking procedure the labels may change at the time when dimension drops and only then. In particular, if original polytope ∆ has trivial labeling, then ∆ t may not have trivial labeling.
2.1. Examples. Below we give some explicit examples of the shrinking procedure. During this procedure two types of events can occur and change the combinatorial type of the polytope. First one is the dimension drop already described above. The other event is what could be called "disappearing" of facets. It occurs when the inequality x, v i ≤ λ i − t for some i becomes spurious, that is, it is already implied by other inequalities defining ∆ t . Note that, when we shrink a monotone polytope no changes of type of polytope will appear until we shrink to zero.
Example 2.3. Here is an example of a simple polytope with trivial labeling, having only one dimension drop (Figure 2 ).
At the time t = 2 inequality x, (2, 1) ≤ 4 − t becomes spurious and face structure of polytope ∆ t is changing. We obtain a monotone polytope ∆ 2 . The original polytope shrinks to zero in time t 1 = 3.
Example 2.4. Here is an example of a simple polytope with trivial labeling, having two dimension drops (Figure 3 ). At the time t 1 = 1 dimension drops by 1 and we obtain a monotone polytope. The original polytope shrinks to zero in time t 2 = 2.
Example 2.5. This example shows that the order in which facets disappear does not imply any inequalities between the corresponding coefficients lambda's.
At the time t = 1 inequality x, (−1, 1) ≤ 7 − t becomes spurious. At the time t = 2 inequalities x, (1, 1) ≤ 6 − t and x, (−2, −3) ≤ 12 − t become spurious and we obtain a monotone polytope. The original polytope shrinks to zero in time t 1 = 4. See Figure 4 .
Example 2.6. The following example shows that between two dimension drops some facets may "disappear" as well.
At the time t 1 = 1 dimension drops by 1. At the time t = 2 one facet disappears, and at the time t 2 = 3 dimension drops again and we obtain a monotone polytope. The original polytope shrinks to zero in time t 3 = 4. See Figure 5 .
The labeling of facets may change but only at the moments of dimension drop. The reason is that at that moment the facet normals change from w to π(w), where π is some orthogonal projection. Even if w was primitive, π(w) does not need to be, and therefore the label on the corresponding facet may change. Due to this change of labeling some facets "move slower during the shrinking" than expected. As a result, a facet that may seem to disappear at the moment of dimension drop in fact carries a relevant information. This is why in the shrinking procedure we keep track of all the inequalities. Here is an example of this type of situation.
Example 2.7. Consider simple, rational, but not smooth polytope
Note that at time t = 1 one facet seems to "disappear" as inequality x, (1, 1) ≤ 6 − t is implied by other inequalities. However the information encoded in that facet will become relevant after time t = 4. At time t = 2 dimension drops by 1. Resulting 1-dimensional polytope is given by the half spaces
It is smooth and has non-trivial labeling. At the time t = 4 hyperplanes H 4 3
and H 4 4 meet and then, from time t = 4 inequality x, 2 ≤ 8 − t is implied by inequality x, 1 ≤ 6 − t for every t ≥ 4. That is, facet f 4 disappears at time t = 4 and we obtain a monotone polytope defined by facets with trivial labeling. The original polytope shrinks to zero in time t 2 = 6. See Figure 6. 3. Proof of Theorem 1.1.
In this section we prove Theorem 1.1. We start by analyzing changes in the facet structure of ∆ that happen during the shrinking procedure and use this information to define the polytopes appearing in Theorem 1.1. Then we show that the sets defined in this way are indeed compact polytopes. At the last step we prove equality of sets claimed in Theorem 1.1.
Let M + 1 ≥ 1 be the number of dimension drops, that is, there are times
Lemma 3.1. For each j ∈ {1, . . . , M + 1} and k ∈ {1, . . . , d}\ (D 1 
Proof. Assume that for some j ∈ {1, . . . , M +1} and some k ∈ {1, . . . , d}\(D 1 ∪ · · · ∪ D M +1 ) we have λ k ≤ t j . As k / ∈ D j we have λ k = t j , so λ k < t j . That means that during the shrinking procedure the hyperplne H k meets the origin before time t j . Therefore {0} / ∈ h t j k and thus {0} / ∈ ∆ t j . This contradicts the assumption that ∆ is centered.
Let N ≥ 0 be the number of different λ i 's with i ∈ {1, . . . , d}\(D 1 ∪ · · · ∪ D M +1 ), that is with λ i > t M +1 . Assume that λ j 1 < · · · < λ j N . We put indices of these facets into groups
Recall the notation from Section 2, D j = {i ∈ {1, . . . , d}| λ i = t j }, j = 1, ..., M + 1.
According to Lemma 3.1 we have
Definition 3.2. We define
for k = 1, . . . , N and j = 1, . . . , M.
All polytopes defined above are decorated by to distinguish them from the polytopes ∆ t appearing in the shrinking procedure. The upper index indicates the dimension of the polytope. Note that if ∆ has trivial labeling, then every polytope in 3.1 has trivial labeling.
The above sets are convex as intersections of halfplanes. However it is not immediately clear if they are compact. Lemma 3.3. For any j = 1, . . . , M + 1 and any a > 0 the polytope
is simply the identity. Proof. Suppose the claim is false, that is, suppose there exists non-zero vector v ∈ R k 1 +...+k j such that for any n ∈ N have nv ∈ P . This means that
iε . In particular, there exists some i 0 ∈ {1, . . . , d}\(D 1 ∪. . .∪D j ) such that for every sufficiently small ε we have εv / ∈ h
, that would imply 0 ∈ H t j i 0 which means that v i 0 ∈ R k 1 +...+k j × {0} and i 0 ∈ D j . Contradiction.
Lemma 3.4. The polytopes ∆ n k and ∆ k 1 +...+k j given by (3.1) are compact.
Proof. The polytopes ∆ k 1 +...+k j and ∆ n 0 are compact due to Lemma 3.3. The polytope ∆ n k is contained in (λ j k / t M +1 ) ∆ n 0 , i.e. the polytope ∆ n 0 rescaled by (λ j k / t M +1 ). Therefore it is also compact. Now when we know that the sets defined in 3.2 are in fact compact polytopes we are ready to prove the Theorem 1.1.
Proof. (of Theorem 1.1 ) We need to show that
We start with proving inclusion "⊂" for both cases. For every k = 1, . . . , N and any i ∈ D j we have λ i = t j < λ j k . Hence,
Recall that, if M ≥ 1, for any j ∈ {1, . . . , M } and any i ∈ D 1 ∪ · · · ∪ D j we have π j (v i ) = 0 and therefore
Thus for any j ∈ {1, . . . , M } we have
This proves one direction of the inclusion.
To prove the other direction, take an arbitrary x in the intersection on the right. Let i ∈ {1, . . . , d} be an arbitrary index. Since {1, . . . , d}
Since index i ∈ {1, . . . , d} was an arbitrary, we proved x ∈ ∆.
Example 3.5. We apply above construction to polytope ∆ given in Example 2.3. We have M = 0 and N = 1. Therefore ∆ = 1 k=0 ∆ 2 k , where
Note that polytope ∆ 2 0 is simple but it is not smooth, whereas polytope ∆ 2 1 is simple and smooth (see Figure 7) .
Example 3.6. Polytope ∆ in Example 2.4 has M = 1 and N = 0. Therefor
Polytope ∆ 3 0 is not simple nor smooth, whereas polytope ∆ 1 is smooth and simple (see Figure 8) . Example 3.7. Polytope ∆ given in Example 2.7 has M = 1 and N = 1.
x, (2, −1) ≤ 8} Figure 9 . Example 3.7
See Figure 9 . All polytopes that define intersection are simple but not necessarily smooth ( ∆ 2 1 is not smooth).
Centered symplectic reduction
As mentioned in the Introduction, due to result of Lerman and Tolman [LT] , every compact symplectic toric orbifold M is determined by a corresponding simple labeled polytope
where v i = a i · w i , w i is the primitive outward normal to the i-th facet and a i ∈ Z + is the label on that facet. We choose µ so that µ(M ) = ∆ is a centered polytope. This can always be done by adding a constant. Lerman and Tolman show that the orbifold M can be obtained as a symplectic reduction of (C d ,
Precisely, the standard action of the torus
is a Hamiltonian action with a moment map Φ : 
* is the map induced by inclusion T → T d and p : (ι * •Φ) −1 (0) → M is the projection. If we choose appropriate identification of (t n ) * with R n then Φ T (M ) = µ(M ) = ∆ is the labeled polytope we started with. Otherwise Φ T (M ) and ∆ may differ by an SL(n, Z) transformation keeping the labels (the images of Φ T and µ give the same labeled polytopes in (t n ) * , see [LT] ). However such a transformation keeps 0 fixed, thus the central fiber is µ −1 (0) = Φ −1
Proof. Since P is compact its associated fan is the whole R n . Take the integral vector v := v 1 + · · · + v d . There exists a vertex V of P sucht that vector v belongs to cone C V of the fan of P . Let I V be the set of indices of facets meeting at V . As v is integral and ∆ is rational, it follows that Proposition 4.3. Every compact symplectic toric orbifold corresponding to a monotone labeled polytope is a centered reduction of a weighted projective space.
Proof. Let compact symplectic toric orbifold M correspond to a labeled polytope ∆ given by (4.1) with λ i = λ. As explained above M is a reduction of CP(m 1 , . . . , m d ) . Precisely, choose constant in a moment map Φ to be (λ, . . . , λ
be the quotient map. For a moment map for N 2 action on CP(m 1 , . . . , m d ) take the unique map µ 2 : CP(m 1 , . . . , m d ) → Lie(N 2 ) * that makes the following diagram commutative 
In order to prove that the reduction M = CP(m 1 , . . . , m d )// N 2 is centered we have to show that the special torus fiber T 0 is contained in the level µ
0) = 0. The above computation shows how the monotonicity of ∆ implies that the reduction is centered. Now we are ready to prove the second main theorem in this paper.
4.1. Proof of Theorem 1.3. Let M be a compact toric symplectic orbifold and ∆ be a corresponding polytope (via [LT] ). We can assume ∆ is centered (as translation does not change the orbifold). Theorem 1.1 implies that the polytope ∆ can be presented as 1.1 or 1.2. Without loss of generality we
monotone compact labeled polytopes and, in the second case, we have v 2,i = (π ⊥ j (v 2,i ), 0) ∈ R n (see Section 3 for details). Therefore Note that we are not performing reductions prescribed by polytopes ∆ 1 , ∆ 2 . These polytopes may not be simple. We are just using the information encoded in these polytopes to divide the reduction prescribed by a simple polytope ∆ into stages.
Here are the details. Let ι k : Lie(N k ) → Lie(T d ) be the map induced by inclusion N k → T d , for k ∈ {1, 2, 3}. Then ι * 1 • Φ is a moment map corresponding to Hamiltonian action of the circle N 1 on C d . 
